We use an autonomous three-dimensional dynamical system to study embedded vortex structures that are observed to form in computational fluid dynamic simulations of patient-specific cerebral aneurysm geometries. These structures, described by a vortex which is enclosed within a larger vortex flowing in the opposite direction, are created and destroyed in phase space as fixed points undergo saddle-node bifurcations along vortex core lines. We illustrate how saddle-node bifurcations along vortex core lines also govern the formation and evolution of embedded vortices in cerebral aneurysms under variable inflow rates during the cardiac cycle.
I. INTRODUCTION
Computational fluid dynamic simulations of patientspecific vascular geometries are providing new insights into the connections between hemodynamics and the initiation, progression and treatment of cerebral aneurysms-balloon like dilations that occur along arterial walls as a result of abnormal wall shear stresses [1] [2] [3] [4] [5] [6] . Recent studies linking aneurysm rupture to the formation of vortices motivate the need for a more fundamental understanding of swirling blood flow patterns and their evolution during the cardiac cycle [7] . One-dimensional vortex skeletons called vortex core lines are being used to facilitate this process and advance our knowledge of vortices within cerebral aneurysms [8, 9] .
When a vortex in the free-slip region of a cerebral aneurysm makes contact with the aneurysm wall, the end of its vortex core forms a stagnation point that, much like the eye of a hurricane, organizes spiral shear line patterns on the no-slip domain [10] . These types of stagnation points have been studied mathematically using dynamical systems derived from truncated Taylor series expansions of the wall shear stress [11] .
In this work, we use a three-dimensional autonomous dynamical system to investigate the formation of intraaneursym blood flow structures in which a vortex is enclosed within a larger vortex flowing in the opposite direction. These embedded vortices are often observed to form in computational fluid dynamic simulations run on an extensive database of patient-specific aneurysm geometries. We focus specifically on the formation of stagnation points and seek to describe their role in controlling the large-scale structure of swirling flow along vortex core lines.
In Sec. II we provide some background by describing the computational fluid dynamic simulations that are used to study the hemodynamics of patient-specific cerebral aneurysm geometries. We describe the construction of vortex core lines and the use streamlines to visualize the vortices that surround them. We also provide an example of an embedded vortex that forms in a cerebral aneurysm from our database. In Sec. III we construct a dynamical system to recreate this embedded vortex structure in phase space. A single control parameter is varied to investigate how the flow dynamics change as saddle-node bifurcations are induced along a vortex core line. In Sect. IV we identify stagnation points along the vortex core lines of our hemodynamic simulations and show how saddle-node bifurcations have the same effect on the blood flow dynamics as inflow rates are changed during the cardiac cycle. Section V summarizes the work and provides some conclusions.
II. BACKGROUND A. Patient-Specific Hemodynamic Simulations of Cerebral Aneurysms
A total of 210 patient-specific vascular models containing cerebral aneurysms were constructed from medical images using three-dimensional rotational angiography (3DRA). Unstructured meshes consisting of between 2-5 million tetrahedral elements were generated in these geometries to run computational fluid dynamic simulations. Pulsatile inflow conditions with a Womersley velocity profile were imposed at the inlets and a no-slip condition was enforced along vessel walls which were assumed to be rigid. The blood was considered to be incompressible and Newtonian. Because of these assumptions, the unsteady three-dimensional Navier-Stokes and the continuity equation were solved using a finite element solver.
Two cardiac cycles were run with a time step of 0.01 seconds using a heart rate of 60 beats per minute. Each cardiac cycle was discretized into N = 100 samples. Measurements of the velocity vector field were recorded at the element nodes during the second cycle, resulting in a data ensemble of 100 snapshots: u n (x, t n ), n = 1 . . . 100. Additional details about the computational pipeline can be found in [1] .
B. Construction of Vortex Core Lines
Vortex core lines are constructed in the aneurysm region by identifying the locus of points that satisfy the following two conditions [12] : (1) the acceleration at a point is proportional to the velocity at that point, and (2) the velocity gradient tensor produces a pair of complex conjugate eigenvalues λ C and one real eigenvalue λ R . The first condition can be expressed mathematically by an eigenvalue equation
where the Jacobian J = ∇u. Equation (1) is satisfied when the velocity vector is an eigenvector of the Jacobian.
The second condition ensures that flow undergoes swirling in the neighborhood of the vortex core line. Swirling occurs in a plane spanned by the eigenvectors ξ C corresponding to the complex conjugate eigenvalues λ C . When transported along the eigendirection ξ R associated with the real eigenvalue λ R , this swirling flow creates the tornado-like motion of a vortex.
Each tetrahedral element in the unstructured mesh is checked to see if it satisfies equation (1). This is done using the reduced velocity method of Sujudi and Haimes [13] . The first step is to use the element's linear interpolation coefficients (known as shape functions) to compute the Jacobian. The Jacobian is then diagonalized, and processing continues only if the eigenvalues contain a complex conjugate eigenvalue pair. Reduced velocities w = u − (u · ξ R ) ξ R are formed in each of the nodes by subtracting the velocity component in the direction of the real eigenvector corresponding to λ R .
Linear interpolation is used on each of the element faces to locate points where the reduced velocity field is equal to zero. Zeros of the reduced velocity field corresponds to centers of swirling flow on the element faces. If two faces are found to contain a zero, a line segment approximating the location of the vortex core through the element is constructed between them.
Small gaps are known to form between core line segments in neighboring elements because the Jacobian is constant in a tetrahedral element and piece-wise linear across the computational domain. When needed, mesh refinement can be used to close these gaps and resolve vortices on a smaller scale.
C. Embedded Vortex Structures
Streamlines are used to visualize the flow patterns within the aneurysms. When initialized in the parent vessel, the streamlines fill the aneurysm volume and illuminate the global flow pattern within it. If the flow pattern is complex, the streamlines do not always fully resolve its spatial structure. An example in which this occurs is shown in Fig. 1 (top) . Adding more streamlines can result in dense "spaghetti plots" that make the task even more difficult.
The vortex core lines in the plot, shown in yellow, help identify the underlying spatial structure by providing an axis around which the flow swirls. The long horizontal core line shown in the figure captures the large recirculation zone that forms within the entire aneurysm volume. The fuzzier, two-dimensional structures observed above the main core line are vortex sheets that form in a shear layer.
Two sets of streamlines are initialized near the core line to better resolve the swirling flow. They are shown in Fig. 1 (middle) . The first set, colored in blue, start on the right side of the core line and travel towards the left until they suddently begin to decelerate and spiral outward. The second set, colored in green, start on the left side of the core line and travel towards the right until they meet and envelop the first set of streamlines. This embedded flow structure occurs in many of the cases from our aneurysm database and is always associated with the presence of stagnation points along the vortex core line.
An example of a stagnation point is shown in Fig. 1  (bottom) . Its location, marked by the yellow arrow, is where the interior vortex meets the exterior vortex. The velocity magnitude along the core line has been rescaled between zero and one to simplify the comparison between different aneurysm cases.
The cardiac wave form on the right shows where in the cardiac cycle the embedded vortex is observed to form. Embedded vortices in other aneurysm geometries from our database showed variability in their location on the inflow curve, suggesting that there is no preferred location in the cardiac cycle where they form.
III. THE EMBEDDED VORTEX MODEL
A jerk system [14] [15] [16] of the form
dt , x is used to recreate the embedded vortex structure described in Sec. II C. We investigate embedded vortices in the phase space of dynamical systems because fixed points [17] [18] [19] [20] [21] [22] , bifurcations [23] [24] [25] , the relationship between fixed points and vortex core lines [26] , and the large-scale structural reorganization of flows under control parameter variation [27] have all been extensively studied and are all well understood.
The third-order equation is expanded into a set of three coupled first-order ordinary differential equations of the formẋ = ẏ y = ż z = F (x, y, z; c);
where each phase space coordinate except the first is the time derivative of the previous. It is convenient to assume that the source function F (x, y, z; c) can be separated into a sum of two functions F (x, y, z; c) = G 1 (x; c 1 ) + G 2 (y, z; c 2 ), since the fixed points are then determined by the condition G 1 (x; c 1 ) = 0. Setting G 1 (x; R) = x 2 − R allows us to control the number, location and stability of the fixed points by varying the parameter R. A maximum of two fixed points, located at x f1 = (− √ R, 0, 0) and x f2 = ( √ R, 0, 0), can exist along the x axis. These fixed points are created and destroyed in a saddle-node bifurcation as the control parameter R is varied.
We set G 2 (y, z; A, B) = Ay + Bz 2 and leverage catastrophe theory [25, 28] to determine suitable values for the control parameters A and R. This is done by noticing that when evaluated at any fixed point x f , the Jacobian produces a characteristic polynomial
whose roots determine the stability properties (focus or saddle) of the fixed point. The substitution (a, b) = (−A, −2x f ) transforms (3) into the canonical form of the cusp catastrophe A 3 = λ 3 + aλ + b [25] . The resulting catastrophe set partitions the control parameter plane into two subsets, the first of which guarantees that the fixed point is a saddle and a second which guarantees that the fixed point is a focus. The catastrophe set is used to select a value of A = −5 such that the fixed points retain focal stability as they undergo a saddle-node bifurcation for values of R = [−1, 1].
Swirling phase space trajectories are identified using connecting curves-one-dimensional sets whose properties are analogous to the vortex core lines defined for hydrodynamic flows [29] . Since the dynamical system is three-dimensional, subsets of the connecting curve around which the flow undergoes a swirling motion (referred to as vortex core lines for the remainder of this work) are known to pass through fixed points with focal stability [26] .
When R > 0, fixed points along the vortex core line experience an alternation of stability (stable focus -unstable outset) with (unstable focus -stable inset) along the x axis. This is determined by examining the properties of G(x, R) = x 2 − R. If G > 0 at a fixed point then one eigenvalue is positive and the other two are negative, or have negative real part. If G < 0 the reverse is true: one eigenvalue is negative and the other two are either positive or have positive real part.
In cases where there are more than two fixed points, interior fixed points that are stable foci with unstable outsets send the flow to neighboring fixed points on its left and right, which are unstable foci with stable insets. This situation allows for multiple inner vortices to be embedded within the same outer vortex. Figure 2 shows the phase portraits for (2) using F (x, y, z; c) = how the saddle-node bifurcation controls the large-scale structure of the flow along the vortex core line. From top to bottom, these value are R = [1, 0, −1].
In Fig. 2(top) , R = 1 and two fixed points are located along the vortex core line at x f1 = (−1, 0, 0) and x f2 = (1, 0, 0). A bounded attractor forms between the fixed points whose alternating stability is responsible for the formation of the embedded vortex. In Fig. 2 (middle), R = 0 and the fixed point pair collide to form a single degenerate saddle-node type fixed point at the origin. Trajectories flow along the vortex core line towards the right, slowing down and spiraling away from the fixed point before continuing towards the attractor at infinity. In Fig. 2(bottom) , R = −1 and no fixed points exist along the vortex core line. Unbounded trajectories continue to flow along the core line towards the attractor at infinity.
IV. SADDLE-NODE BIFURCATIONS IN CEREBRAL ANEURYSMS
To apply the results from Sec. III to our hemodynamic simulations, we performed a search for saddle-node bifur-
The sequence of three successive snapshots(top to bottom row) show how saddle-node bifurcations take place along vortex core lines in hemodynamic simulations of cerebral aneruysms during the cardiac cycle. The column on the left uses yellow arrows to highlight the locations of stagnation points along the vortex core line. The column on the right uses streamlines to determine the stability of the stagantion points. The bifurcation sequence is qualitatively the same as the one shown in Fig. 2. cations along the vortex core lines. This was done by animating the core lines and their stagnation points over the cardiac cycle. An example of a saddle-node bifurcation is shown in Fig. 3 .
The figure shows a sequence of three successive snapshots (the rows from top to bottom) which contain the same segment of vortex core line. The left column shows how the stagnation points, indicated by the yellow arrows, slide along the length of the vortex core line, collide, and disappear in a saddle-node bifurcation. The right column uses streamlines to determine the stability of the stagnation points. The bifurcation sequence shown here is qualitatively the same as that shown in Fig. 2 .
The streamlines in the top row indicate that the stagnation points have alternating stability; the one on the left is an unstable focus with stable insets, and the one on the right is a stable focus with unstable insets. Blue streamlines spiral away from the unstable stagnation point on the right and collide with the red streamlines flowing towards the stable stagnation point on the left.
The single set of streamlines in the middle row indicate that the flow is uni-directional along the core line (towards the right) after the stagnation points have merged. This destroys the embedded vortex structure along the core line. The streamlines shown in the bottom row continue to flow uni-directionally along the vortex core line as the single stagnation point disappears.
V. CONCLUSIONS
This work was motivated by an attempt to understand the large-scale structure of swirling flows organized by vortex core lines in a database of 210 patient-specific aneurysm geometries. Two types of swirling flow structures were observed to form during the cardiac cycle.
The first involved vortices with a uni-directional flow and the second involved a pair of vortices, the first of which was embedded within the second. To better understand the mechanisms generating these vortices, a threedimensional dynamical system was used to study swirling flow structures in phase space. Catastrophe theory was used to select control parameter values that would produce fixed points along the vortex core line with focal stability. A single bifurcation parameter R was then varied to force the creation of fixed point pairs along the core line in a saddle-node bifurcation. A bounded attractor whose flow formed an embedded vortex structure was observed to form in the presence of fixed point pairs with alternating stability. Uni-directional flow was observed to take place along the core line when the fixed point pair collapsed into a single degenerate fixed point and disappeared.
To see if the concepts from phase space could be applied to our hemodynamic simulations, a search was performed to identify stagnation points along vortex core lines constructed in the aneurysm database. Stagnation points were observed to form at the ends of vortex core lines when they came into contact into contact with aneurysm walls. They were also observed to form along the vortex core lines in the free-slip region. Animations over the cardiac cycle revealed that stagnation points in cerebral aneurysms undergo saddle node bifurcations along vortex core lines, and that these bifurcations are responsible for the creation and destruction of embedded vortices in the blood flow. A more fundamental understanding of vortex dynamics in cerebral aneurysms could lead to improved clinical risk assessment, accelerated thrombosis to promote healing and control algorithms designed to suppress the creation of high risk blood flow patterns.
